Binary black-hole systems with spins aligned with the orbital angular momentum are of special interest as they may be the preferred end-state of the inspiral of generic supermassive binary black-hole systems. In view of this, we have computed the inspiral and merger of a large set of binary systems of equal-mass black holes with spins aligned with the orbital angular momentum but otherwise arbitrary. By least-square fitting the results of these simulations we have constructed two "spin diagrams" which provide straightforward information about the recoil velocity |v kick | and the final black-hole spin a fin in terms of the dimensionless spins a 1 and a 2 of the two initial black holes. Overall they suggest a maximum recoil velocity of |v kick | = 441.94 km/s, and minimum and maximum final spins a fin = 0.3471 and a fin = 0.9591, respectively.
INTRODUCTION
A number of recent developments in numerical relativity have allowed for stable evolution of binary black holes and opened the door to extended and systematic studies of these systems. Of particular interest to astrophysics are the calculations of the recoil velocity and of the spin of the final black hole produced by the merger. It is well known that a binary with unequal masses or spins will radiate gravitational energy asymmetrically. This results in an uneven flux of momentum, providing a net linear velocity to the final black hole. The knowledge of both the "kick" velocity and of the final spin could have a direct impact on studies of the evolution of supermassive black holes and on statistical studies on the dynamics of compact objects in dense stellar systems.
Over the past year, a number of simulations have been carried out to determine the recoil velocities for a variety of binary black-hole systems. Non-spinning but unequalmass binaries were the first systems to be studied and several works have now provided an accurate mapping of the unequal-mass space of parameters (Herrmann et al. 2007a; Baker et al. 2006b; Gonzalez et al. 2007b ). More recently, the recoils from binaries with spinning black holes have also been considered by investigating equalmass binaries in which the spins of the black holes are either aligned with the orbital angular momentum (Herrmann et al. 2007b; Koppitz et al. 2007 ), or not. In the first case, a systematic investigation has shown that the largest recoil possible from such systems is of the order of 450 km/s ). In the second case, instead, specific configurations with spins orthogonal to the orbital one have been shown to lead to recoils as high as 2500 km/s (Campanelli et al. 2007a; Gonzalez et al. 2007a) , suggesting a maximum kick of about 4000 km/s for maximally-spinning black holes (Campanelli et al. 2007b) . Recoil velocities of this magnitude could lead to the ejection of massive black holes from the hosting galaxies, with important consequences on their cosmological evolution.
Here, we extend the analysis carried out in Pollney et al. (2007) of binary black hole systems with equal-mass and spins aligned with the orbital one. Our interest in this type of binaries stems from the fact that systems of this type may represent a preferred end-state of the binary evolution.
PostNewtonian studies have shown that in vacuum the gravitational spin-orbit coupling has a tendency to align the spins when they are initially close to the orbital one (Schnittman 2004) . Furthermore, if the binary evolves in a disc, as expected for supermassive black holes, the matter can exert a torque tending to align the spins (Bogdanovic et al. 2007 ). Finally, a recoiling supermassive black hole could retain the inner part of its accretion disc and thus the fuel for a continuing QSO phase lasting millions of years as it moves away from the galactic nucleus (Loeb 2007 ). Yet, the analysis of QSOs from the Sloan Digital Sky Survey shows no evidence for black holes carrying an accretion disc and hence for very large recoiling velocities (Bonning et al. 2007 ).
NUMERICAL SETUP AND INITIAL DATA
The numerical simulations have been carried out using the CCATIE code, a three-dimensional finitedifferences code using the Cactus Computational Toolkit (Cactus 2007) and Carpet mesh refinement infrastructure ). The main features of the code have been recently reviewed in Pollney et al. (2007) , where the code has been employed using the so-called "moving-punctures" technique (Baker et al. 2006a; Campanelli et al. 2006a) . The initial data consists of five sequences with constant orbital angular momentum, which is however different from sequence to sequence. In the r and ra-sequences, the initial spin of one of the black holes S 2 is held fixed along the z-axis and the spin of the other black hole is varied so that the spin ratio a 1 /a 2 takes the values between −1 and +1, with a i ≡ S i /M 2 i . In the t-sequence, instead, the spin with a negative z-component is held fixed, while in the s and u-sequences a 1 /a 2 = 1 and −1, respectively. In all cases, the masses are M i = M/2 = 1/2. For the orbital initial data parameters we use the effectivepotential method, which allows one to choose the initial data parameters such that the resulting physical parameters (e.g., masses and spins) describe a binary black-hole system on a quasi-circular orbit. The free parameters are: the coordinate locations C i , the mass parameters m i , the linear momenta p i , and the spins S i . Quasicircular orbits are then selected by setting p 1 = −p 2 to be orthogonal to
is the orbital angular momentum. The initial parameters are collected in the left part of Table 1 , while the right part reports the results of simulations. For all of them we have employed 8 levels of refinement and a minimum resolution 0.024 M , which has been reduced to 0.018 M for binaries r5, r6. Note that our results for the u-sequence differ slightly from those reported by Herrmann et al. (2007b) , probably because of our accounting of the integration constant in |v kick | ).
SPIN DIAGRAMS AND FITS
Clearly, the recoil velocity and the spin of the final black hole are among the most important pieces of information to be extracted from the inspiral and coalescence of binary black holes. For binaries with equal masses and aligned but otherwise arbitrary spins, this information depends uniquely on the dimensionless spins of the two black holes a 1 , a 2 and can therefore be summarized in the portion of the (a 1 , a 2 ) plane in which the two spins vary. It is therefore convenient to think in terms of "spin diagrams", which summarize in a simple way all of the relevant information. In addition, since the labelling "1" and "2" is arbitrary, the line a 1 = a 2 in the spin diagram has important symmetries: the recoil velocity vector undergoes a π-rotation, i.e., v kick (a 1 , a 2 ) = − v kick (a 2 , a 1 ) but |v kick (a 1 , a 2 )| = |v kick (a 2 , a 1 )|, while no change is expected for the final spin, i.e., a fin (a 1 , a 2 ) = a fin (a 2 , a 1 ) . These symmetries not only allow us to consider only one a 2 ) space of the five sequences r, ra, s, t, and u for which the inspiral and merger has been computed.
portion of the (a 1 , a 2 ) space (cf. Fig. 1 ), thus halving the computational costs (or doubling the statistical sample), but they will also be exploited later on to improve our fits. The position of the five sequences within the (a 1 , a 2 ) space is shown in Fig. 1 .
Overall, the data sample computed numerically consists of 38 values for |v kick | and for a fin which, for simplicity, we have considered to have constant error-bars of 8 km/s and 0.01, which represent, respectively, the largest errors reported in Pollney et al. (2007) . In both cases we have modelled the data with generic quadratic functions in a 1 and a 2 so that, in the case of the recoil velocity, the fitting function is
Note that the fitting function on the right-hand-side of (1) is smooth everywhere but that its absolute value is not smooth along the diagonal a 1 = a 2 . Using (1) and a blind least-square fit of the data, we obtained the coefficients (in km/s) 
with a reduced-χ 2 = 0.09. Clearly, the errors in the coefficients can be extremely large and this is simply the result of small-number statistics. However, the fit can be improved by exploiting some knowledge about the physics of the process to simplify the fitting expressions. In particular, we can use the constraint that no recoil velocity should be produced for binaries having the same spin, i.e., that |v kick | = 0 for a 1 = a 2 , or the symmetry condition across the line a 1 = a 2 . Enforcing both constraints yields thus reducing the fitting function (1) to the simpler expression
Performing a least-square fit using (4) we then obtain c 1 = −220.97 ± 0.78 , c 2 = 45.52 ± 2.99 ,
with a comparable reduced-χ 2 = 0.14, but with errorbars that are much smaller on average. Because of this, we consider expression (4) as the best description of the data at second-order in the spin parameters. Using (4) and (5), we have built the contour plots shown in Fig. 2 .
A few remarks are worth making. Firstly, we recall that post-Newtonian calculations have so far derived only the linear contribution in the spin to the recoil velocity (see Favata et al. (2004) and references therein). However, the size of the quadratic coefficient (5) is not small when compared to the linear one and it can lead to rather sizeable corrections. These are maximized when a 1 = 0 and a 2 = ±1, or when a 1 = ±1 and a 2 = 0, and can be as large as ∼ 20%; while these corrections are smaller than those induced by asymmetries in the mass, they are instructive in pointing out the relative importance of spin-spin and spin-orbit effects during the merger and can be used as a guide in further refinements of the post-Newtonian treatments. Secondly, expression (4) clearly suggests that the maximum recoil velocity should be found when the asymmetry is the largest and the spins are antiparallel, i.e., a 1 = −a 2 . Thirdly, when a 2 = const., expression (4) confirms the quadratic scaling proposed in Pollney et al. (2007) with a smaller data set [cf., eq. (42) there]. Fourthly, for a 1 = −a 2 , expression (4) is only linear and reproduces the scaling suggested by Herrmann et al. (2007b) . Finally, using (4) the maximum recoil velocity is found to be |v kick | = 441.94±1.56 km/s, in very good agreement with the results of Herrmann et al. (2007b) and Pollney et al. (2007) .
In the same way we have first fitted the data for a fin , with a function a fin = p 0 + p 1 a 1 + p 2 a 2 1 + q 0 a 1 a 2 + q 1 a 2 + q 2 a 2 2 , (6) and found coefficients with very large error-bars. As a result, also for a fin we resort to physical considerations to constrain the coefficients p 0 . . . q 2 . More specifically, we expect that, at least at lowest order, binaries with equal and opposite spins will not contribute to the final spin and thus behave essentially as nonspinning binaries. Stated differently, we assume that a fin = p 0 for binaries with a 1 = −a 2 . In addition, enforcing the symmetry condition across the line a 1 = a 2 we obtain
so that the fitting function (6) effectively reduces to
Performing a least-square fit using (8) we then obtain
with a reduced-χ 2 = 0.02. It should be noted that the coefficient of the quadratic term in (9) is much smaller then the linear one and with much larger error-bars. Given the small statistics it is hard to assess whether a quadratic dependence is necessary or if a linear one is the correct one (however, see also the comment below on a possible interpretation of expression (8)). In view of this, we have repeated the least-square fit of the data enforcing the conditions (7) together with p 2 = 0 (i.e., adopting a linear fitting function) and obtained p 0 = 0.6855 ± 0.0007 and p 1 = 0.1518 ± 0.0012, with a worse reduced-χ 2 = 0.16. Because the coefficients of the lowest-order terms are so similar, both the linear and the quadratic fits are well within the error-bars of the numerical simulations. Nevertheless, since a quadratic scaling yields smaller residuals, we consider it to be the best representation of the data and have therefore computed the contour plots in Fig. 3 using (8) and (9).
Here too, a few remarks are worth making: Firstly, the fitted value for the coefficient p 0 agrees very well with the values reported by several groups (Gonzalez et al. 2007b; Berti et al. 2007 ) when studying the inspiral of unequalmass nonspinning binaries. Secondly, expression (8) has maximum values for a 1 = a 2 , suggesting that the maximum and minimum spins are a fin = 0.9591 ± 0.0022 and a fin = 0.3471 ± 0.0224, respectively. Thirdly, the quadratic scaling for a fin substantially confirms the suggestions of Campanelli et al. (2006b) but provides more accurate coefficients. Finally, although very simple, expression (9) lends itself to an interesting interpretation. Being effectively a power series in terms of the initial spins of the two black holes, its zeroth-order term can be seen as the orbital angular momentum not radiated in gravitational waves and which amounts, at most, to ∼ 70% of the final spin. The first-order term, on the other hand, can be seen as the contribution to the final spin coming from the initial spins of the two black holes and this contribution, together with the one coming from the spin-orbit coupling, amounts at most to ∼ 30% of the final spin. Finally, the second-order term, which is natural to expect as nonzero in this view, can then be related to the spin-spin coupling, with a contribution to the final spin which is of ∼ 4% at most.
As a side remark we also note that the monotonic behaviour expressed by (9) does not show the presence of a local maximum of a fin ≃ 0.87 for a 1 = a 2 ∼ 0.34 as suggested by Damour (2001) in the effective one-body (EOB) approximation. Because the latter has been shown to be in good agreement with numerical-relativity simulations of nonspinning black holes , additional simulations will be necessary to refute these results or to improve the EOB approximation for spinning black holes.
Reported in the right part of Table 1 are also the fitted values for a fin and |v kick | obtained through the fitting functions (4) and (8), and the corresponding errors. The latter are of few percent for most of the cases and increase up to ∼ 20% only for those binaries with very small kicks and which are intrinsically more difficult to calculate. As a concluding remark we note that the fitting coefficients computed here have been constructed using overall moderate values of the initial spin; the only exception is the binary u4 which has the largest spin and which is nevertheless fitted with very small errors (cf. Table 1 ). In addition, since the submission of this work, another group has reported results from equal-mass binaries with spins as high as a 1 = a 2 = ±0.9 (Marronetti et al. 2007 ). Although also for these very high-spin binaries the error in the predicted values is of 1% at most, a larger sample of high-spin binaries is necessary to validate that the fitting expressions (4) and (8) are robust also at very large spins.
CONCLUSIONS
We have performed least-square fits to a large set of numerical-relativity data. These fits, combined with symmetry arguments, yield analytic expressions for the recoil velocity and final black hole spin resulting from the inspiral and merger of equal-mass black holes whose spins are parallel or antiparallel to the orbital angular momentum. Such configurations represent a small portion of the space of parameters, but may be the preferred ones if torques are present during the evolution. Using the analytic expressions we have constructed two spin diagrams that summarize simply this information and predict a maximum recoil velocity of |v kick | = 441.94 ± 1.56 km/s for systems with a 1 = −a 2 = 1 and maximum (minimum) final spin a fin = 0.9591 ± 0.0022 (0.3471 ± 0.0224) for systems with a 1 = a 2 = 1 (−1).
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